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a b s t r a c t 

Spectroscopic characterization of turbid samples needs to solve inverse scattering problems (ISPs). With 

the radiative transfer (RT) theory as the framework for modeling light-matter interaction, accurate char- 

acterization becomes feasible but practical implementation remains challenging. We have evaluated the 

uniqueness and robustness of ISP solutions for a multiparameter spectrophotometer system without in- 

tegrating spheres using different detection configurations for signal measurement. A novel parameter of 

area descending rate (ADR) has been developed to sample globally the distribution of an objective func- 

tion in the 3D space of RT parameters and quantify uniqueness and robustness of ISP solutions. Analysis 

of the objective function for different sample types show the uniqueness of solutions for different detec- 

tion configurations with increased complexity for samples of very larger single-scattering albedo values. 

The robustness of ISP solutions as quantified by ADR was found to be insensitive to the changes in detec- 

tion configurations. Such stability provides strong evidences that the multiparameter spectrophotometry 

using only three photodiodes combined with Monte Carlo simulations yields a valuable and practical ap- 

proach for turbidity characterization. 

Published by Elsevier Ltd. 
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. Introduction 

Conventional spectrophotometry is perhaps the most frequently 

sed means for material analysis, which acquires one signal 

f collimated transmittance T c from a sample of thickness D 

s function of wavelength λ [ 1 , 2 ]. Either spectral data of ab-

orbance or attenuation coefficient can be determined respectively 

s A( λ) = log(1/T c ( λ)) or μt ( λ) = 2.30A( λ)/D based on the Beer-

ambert law. Nevertheless, it lacks the ability to determine absorp- 

ion and scattering parameters of turbid samples including biolog- 

cal tissues and cell suspensions. Various approaches of turbidity 

haracterization have been investigated beyond the simple Beer- 

ambert law. In all cases, multiple signals of scattered light are 

o be acquired and inverse scattering problems (ISPs) are to be 

olved for retrieval of optical parameters, which requires quantita- 

ive modeling of absorption and scattering processes. Light trans- 
∗ Corresponding authors. 
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ort in a turbid sample of size much larger than wavelengths of in- 

errogating light can be accurately modeled by the radiative trans- 

er (RT) theory [3] . Within this framework, the absorption coeffi- 

ient μa ( λ), scattering coefficient μs ( λ) and anisotropy factor g( λ) 

re inversely determined from measured signals to yield an im- 

roved form of spectrophotometry. Determination of above param- 

ters at different wavelengths by solving ISPs defined by the RT 

heory is termed as the multiparameter spectrophotometry in this 

eport. The following steady-state and source-free equation defines 

he RT parameters [3] 

 · ∇L (r , s ) = −( μa + μs ) L (r , s ) + μs 

∫ 
4 π

p( s , s ) ′ L (r , s ) ′ dω 

′ , (1)

here L( r, s ) is the light radiance at location r along direction of

nit vector s , p( s, s ′ ) is the single-scattering phase function de- 

cribing local distribution of light scattered from s ′ to s and d ω’ is

lementary solid angle along s ′ . If light scattering is assumed ax- 

al symmetric, then one has p( s, s ′ ) = p(cos θ ) with cos θ = s •s ′ 
nd θ as the scattering polar angle. The ensemble averaged value 

https://doi.org/10.1016/j.jqsrt.2021.107883
http://www.ScienceDirect.com
http://www.elsevier.com/locate/jqsrt
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jqsrt.2021.107883&domain=pdf
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f cos θ or < cos θ> yields the anisotropy factor g with p used as a

istribution function. 

Extensive studies have been reported over the past few decades 

n multiparameter spectrophotometry [ 4 –14 ]. The most popular 

pproach of implementation is to acquire three light signals with 

ne or two integrating spheres for retrieval of the RT parameters. 

he use of integrating spheres allows measurement of hemispher- 

cal diffuse reflectance R h and diffuse transmittance T h . Collimated 

ransmittance T c or forward transmittance T f is also acquired. With 

 c one can first determine μt ( = μa + μs ) and then solve ISPs 

rom R h and T h in 2D parameter space of single-scattering albedo 

 = μs / μt and g. Furthermore, the hemispherical acquisition en- 

bles algorithms for fast signal calculation, which include adding- 

oubling by assuming a sample of shape as an infinite plane- 

arallel slab or Monte Carlo (MC) simulations with high sampling 

fficiency for calculation of R h and T h [ 5 , 8 ]. If T f instead of T c is

easured, accurate MC simulations with low sampling efficiency 

or calculation of T f have to be performed to solve discrete ISPs in 

D space of RT parameters with high computational cost [9] . 

Despite the advantage of fast algorithms for signal calculation, 

he employment of integrating spheres leads to several limitations 

or translation into easy-to-use instruments like the conventional 

pectrophotometers. First, measurement of T c for strongly turbid 

amples with g close to 1 requires removal of strong forward 

catter by spatial filtering. This in turn increases the size and/or 

omplexity of the optical setup and restricts the optical thickness 

= μt D of the measured samples. For example, the value of T c 
ecreases to 3.4 × 10 −4 or less once τ exceeds 10 for a turbid 

ample. At this signal level, it is very difficult to keep T c from 

ontamination by forward scatter and/or other noises [8] . Conse- 

uently, very thin samples must be prepared to make D around 

ens of micrometers with increased difficulty for sample assem- 

ly. Second, one needs to measure signals in at least two steps 

t each wavelength with one sphere. Two integrating spheres per- 

it simultaneous measurement of R h , T h and possibly T c (or T f ) in

ne step but needs extra care for system maintenance and sample 

ssembly. Either way, longer time of data acquisition or substan- 

ial burden of sample assembly can plague wide applications of 

he integrating sphere based approach. Finally, integrating spheres 

erely redistribute scattered light over hemispherical surface and 

he same weak signals detection methods such as lock-in ampli- 

cation is essential for signal measurement. With the added ex- 

enses for purchase and maintenance of integrating spheres, the 

otal cost of ownership for instruments based on this approach can 

e considerably higher than those of conventional spectrophotom- 

try. 

Angle-resolved acquisition of scattered light signals has been 

nvestigated with various goniometric designs of signal detection. 

uch a system typically employs either multiple, about 20 or more, 

etectors in fixed positions or a scanning detector to acquire sig- 

als over multiple angles and then retrieve RT parameters from the 

easured signals [14] . This approach, however, is time-consuming 

or detector scanning or of low dynamic reserve for a multi-sensor 

esign in comparison to phase sensitive detection of weak signals 

rom limited number of detectors. These disadvantages make the 

oniometry approach unsuitable for developing general-purpose 

nstruments for multiparameter spectrophotometry. 

We have developed an alternative approach without integrating 

pheres to eliminate aforementioned deficiencies by taking the ad- 

antage of the steep decrease in computational cost over the past 

ecade. A 3-photodiode design has been developed and investi- 

ated for rapid acquisition of signals and ISP solutions [ 15 , 16 ]. We

ave found that the sensitivity of acquired signals on the angular 

istribution of scattered light for an unknown sample can be re- 

uced by sufficiently large solid angles for light collection by pho- 

odiodes. With the choice of an angularly smooth function such as 
2 
 HG (cos θ ) for p(cos θ ), proposed by Heyney and Greenstein (HG) 

17] , efficient inverse algorithms can be crafted to retrieve the RT 

arameters [18] . The initial implementation still included T c for 

etermination of μt first followed by non-hemispherical measure- 

ent of the diffuse reflectance R d and transmittance T d . Modeling 

f light scattering and signal detection with MC simulations have 

een performed by a perturbation algorithm to rapidly determine a 

nd g [ 15 , 19 ]. The above configuration of signal detection has been

alidated by comparing the inversely determined RT parameters of 

phere suspensions against those obtained by the Mie theory [15] . 

ubsequent improvement has been made by replacing T c with for- 

ard transmittance T f in the measured signals from optically thick 

amples with τ up to 20 and markedly simplifies procedures for 

reparing strongly turbid samples [ 16 , 18 ]. Our results show that 

he key to prevent an ISP from unsolvable or ill-posted is to accu- 

ately model light transport through the sample assembly and col- 

ection by the 3-photodiode scheme for calculation of signals with 

igh fidelity to the experimental system. It also has been demon- 

trated that the use of HG function is advantageous in comparison 

o Mie based phase function for MC calculated signals by improv- 

ng the robustness of ISP solutions for sphere suspension samples 

f high concentrations [18] . 

The non-hemispherical detection presents an intriguing ques- 

ion on how variation in the configuration of the 3-photodiode de- 

ection scheme affects the robustness of ISP solutions for different 

ample types. In this report, we present the results of an in-depth 

tudy on solution robustness against detection configuration vari- 

tion for different sample types by analyzing the contour lines of 

n objective function δ in the RT parameter space. A parameter 

f area descending rate (ADR) has been defined and tested to ver- 

fy the existence and quantify robustness among multiple planes 

f ( μs , g) at different μa values for a given ISP. Our results show 

hat the maximum value of ADR points to the correct μa and a 

egion in the corresponding ( μs , g) plane for solving the ISP with 

eliability much improved in comparison to an iterative algorithm 

f gradient descent by δ alone, which can become unstable due to 

nherent fluctuations in δ by the variance of MC calculated signals. 

t has been demonstrated that the ISPs formed by the measured 

ignals of R d , T d and T f are of convex type with strong robustness

or ISP solutions with different detector distances and angles of the 

-photodiode design. 

. Experimental and theoretical methods 

.1. Experimental system and sample preparation 

An experimental system has been constructed to perform mul- 

iparameter spectrophotometry. The detection design is shown in 

ig. 1 with 3 photodiodes of 3.6mm × 3.6mm in sensor area 

FDS100, Thorlabs) to acquire the scattered light of intensity I Rd , I Td 

nd I Tf by D 2 , D 3 and D 4 respectively. Another photodiode D 1 was 

sed to monitor I 0 as the intensity of light incident on the sample 

ssembly. The detection design can be modified by adjusting the 

istances and angles of the 3 photodiodes. For ease of analysis we 

efine each detection configuration by a vector � = (d R , d T , d f , θR ,

T ) with its elements defined in Fig. 1 (A). The configuration vector 

was varied to investigate the robustness of ISP solutions to dif- 

erent designs. In addition, each detector was installed at the end 

f a black plastic tube for limiting its field of view to the front or

ack sample surface. The tubes are very effective to reduce back- 

round noise by light scattered from sample holder and other sur- 

ounding objects. 

With a tunable monochromator, the wavelength λ can be var- 

ed from 460 to 10 0 0 nm by a stepsize of 20 nm with a half-

aximum bandwidth around 4.7 nm for adequate light intensity. 

he output beam was modulated by a mechanical chopper at a fre- 
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Fig. 1. (A) Schematic of sample and detection configuration: M = mirror, S = sam- 

ple, θ0 = incident angle, θR and d R ( θ T and d T ) = angle and distance of D 2 (D 3 ) 

for measuring R d (T d ), d f = distance of D 4 for measuring T f ; (B) perspective view 

of light collection cones for 3 detectors with each having a field of view over the 

front or back surface of sample: D = sample thickness. For clarity, the holder glass 

slabs, spacer and black tubes to limit field of view of detectors are not shown. 
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uency of f 0 = 385 Hz before the monochromator. Output signals 

rom the detectors were pre-amplified and fed into an in-house 

uilt 4-channel lock-in board connected to a computer to acquire 

he signals at f 0 . At each wavelength, 3 measured signals were de- 

ermined as R d = I Rd /I 0 , T d = I Td /I 0 and T f = I Tf /I 0 . 

Suspension samples of polystyrene spheres were prepared for 

alidating our method against the RT parameters calculated by 

he Mie theory under the assumption of single and independent 

phere in light scattering. The suspension was confined within a 

ing-shaped spacer between two glass slides of about 1mm in 

hickness for each. The spacer defines the suspension sample shape 

ith thickness D = 2.10 ±0.1 mm and inner diameter of 14.3 mm. 

ultiple samples were made by diluting commercial sphere sus- 

ensions of different nominal diameters d s with deionized water 

16] . For this study, we selected the measured signals from one 

ample of d s = 11 μm with coefficient of variance (CV) ≤ 18% 

7510B, ThermoFisher Scientific). We chose this sample because 

hese spheres have sizes close to those of human epithelial cells 

nd μa values of sphere suspension estimated by the Mie the- 

ry are above the lower limit of measurement by our method for 

trongly turbid samples [16] . The number density ρs of spheres in 

he suspension sample was determined by the masses of suspen- 

ion and dry sphere component and found to be (3.05 ±0.02)x10 4 

m 

−3 using an evaporation method [20] . The mean value and 

tandard deviation of sphere diameters were determined respec- 

ively to be 11.5 μm and 1.0 μm with a microscope and its distri- 

ution was found to be Gaussian [18] . 

.2. Monte Carlo simulations 

An individual photon tracking MC (iMC) code has been built 

o calculate signals with the detection configuration illustrated in 

ig. 1 (A). Details of the code algorithm, validation results and im- 

lementation on a graphic processing unit (GPU) board have been 

reviously published and are briefly described below [ 6 , 8 , 19 , 21 , 22 ].

n incident light beam is represented in iMC by N 0 photons in- 

ected on the front surface of sample holder in an ellipse defined 

y the measured beam profile with an incident angle of θ0 indi- 

ated in Fig. 1 (A). The RT parameters for optical characterization 

f a sample are expressed by a vector P = ( μa , μs , g) for each

avelength together with a set of size parameters for the sample, 
3 
pacer and holder glasses. A total length L a is determined from 

a and a random number (RN) uniformly distributed in (0,1) for 

ach photon before tracking starts. Then each photon propagates 

hrough or becomes reflected off various index mismatched inter- 

aces among air, holder glass slab, spacer and sample according to 

he local Fresnel reflectance. Once a photon moves into the tur- 

id sample, its trajectory evolves as a sequence of line segments 

ith pathlengths L sj (j = 1, 2, …) determined by μs and RNs. The 

olar angle θ and azimuthal angle ϕ of scattering are updated by 

 chosen single-scattering phase function. Based on our previous 

tudy for sphere suspensions of high concentration [18] , the HG 

unction was applied to derive θ with RN and ϕ with RN only. At 

he end of L sj , the accumulated pathlength L s = 

j ∑ 

j′ =1 

L s j ′ is com- 

ared to L a . If L s ≥ L a , the photon is terminated as an absorption

vent; otherwise it is propagated further until a sample surface is 

eached. When the photon exits the sample assembly into air, the 

ode further determines its exit location and directional cosines. 

he photon counter for a detector is incremented if the photon hits 

t within its angular cone of collection as illustrated in Fig. 1 (B). Fi-

ally, the calculated signals of R dc , T dc and T fc are obtained as the 

atios of the number of photons collected by a respective detector 

o N 0 once tracking ends. 

.3. Analysis of objective function in RT parameter space 

An objective function δ is defined as the sum of squared er- 

ors between the measured (or equivalent) and calculated signals 

s follows 

(P , �) = 

(
R d − R dc 

R d 

)
2 + 

(
T d − T dc 

T d 

)
2 + 

(
T f − T f c 

T f 

)
2 . (2) 

here R dc , T dc and T fc are the calculated signals by the iMC code. 

ifferent samples and detection configurations were used in this 

tudy to evaluate the robustness of ISP solutions by the multipa- 

ameter spectrophotometry method presented here. For the sphere 

ample, we denote the detection configuration of experimental sys- 

em as �0 and the modified configurations as �m 

. For virtual sam- 

les with smaller values of scattering albedo a or g, the RT param- 

ter vector is defined by P v = ( μa v , μsv , g v ). Because no measured

ignals are available for �m 

or P v , the values of the measured sig- 

als of R d , T d and T f in Eq. (2) were replaced by the “equivalent”

ignals calculated by the iMC code with �m 

or P v . 

All ISPs analyzed in this study have been solved as optimization 

roblems given by 

inimize δ(P , �) , 
ubject to P : μa , μs > 0 , −1 ≤ g ≤ 1 ;

� : d R , d T , d f > 0 ; 0 

◦ < θR , θT < 90 

◦. 
(3) 

An ISP solution is deemed as unique when δ reaches a min- 

mum value δmin and satisfies the condition of δmin < δ0 for a 

nique vector P . The threshold value δ0 was set to 0.75% since 

he relative errors of the measured signals were estimated to be 

round ±5% by three repeated measurements at each wavelength 

 16 , 18 ]. To investigate the robustness of a discrete ISP solution, we

erformed large numbers of iMC simulations to examine distribu- 

ion of the δ function in the 3D space of RT parameters. 

Quantitative analysis of δ( P, �) distributions in the 3D parame- 

er space is necessary to evaluate and compare different detection 

onfigurations. It has been found that computational cost can be 

ignificantly reduced by quantifying δ distributions in 2D planes 

f ( μs , g) at selected values of μa . Contour lines of δ( P, �) were

btained by iMC simulations followed by interpolation in the 2D 

lanes for ISP evaluation. The contour line analysis significantly re- 

uced the effect of variance inherent in the iMC simulations and 

ifferent parameters were extracted and compared. An averaged 
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Table 1 

The measured signals and RT parameters by the Mie theory at two wavelengths a 

λ (nm) 

Measured signals a P M ( λ) b 

R d ×10 4 T d ×10 4 T f ×10 4 μa M (mm 

−1 ) μsM (mm 

−1 ) g M 

500 4.54 ±0.13 4.16 ±0.13 1.56 ±0.076 0.253 6.16 0.927 

800 4.56 ±0.034 4.02 ±0.063 1.37 ±0.0054 0.251 5.56 0.915 

a The signals were acquired with �0 of d R = 21.5 mm, θR = 45 o , d T = 35.7 mm, θ T = 48 o , d f = 88.4 mm. 
b Mean and standard deviation were obtained by 3 measurements of signals and P M ( λ) components were calculated 

with the measured sphere concentration ρs = 3.05 × 10 4 mm 

−3 . 
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Fig. 2. The calculated signals and objective function δ versus μs obtained with the 

measured signals from the sphere sample of d s = 11 μm at λ = 500 nm and fixed 

values of μa 1 = 0.228 mm 

−1 and g 1 = 0.920. Inset: plot of δ( μs ) on expanded scales 

with symbols representing calculated values and line as visual guide. The vertical 

lines indicate μs1 of P 1 with δmin = 0.474% and tracked photon number N 0 = 10 8 

for each iMC simulation. 
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lope of contour area change in ( μs , g) plane was selected as an

ffective metric to quantify the convergence speed toward an ISP 

olution. This approach was then applied to characterize the ISP 

ype and robustness among various detection configurations of �0 

nd �m 

for different sample types. 

To speed up further, the iMC code has been implemented for 

arallel execution on a GPU board (GeForce RTX 2080 Ti, Nvidia). 

imulation time depends mainly on total photon number N 0 , μa , 

s and sample size. For a sample of μa = 0.290 mm 

−1 , μs = 6.56 

m 

−1 and D = 2.10 mm in this study, it took about 2 s to com-

lete tracking of photons with N 0 = 1 × 10 8 . The averaged vari- 

nce in calculated signals of R dc , T dc and T fc in the above example

s about 0.6% due to the statistical nature of MC simulations. 

. Results and discussion 

.1. Code validation against Mie results 

Measurements of R d , T d and T f were repeated three times at 

ach wavelength λ with the 3 photodiodes in the configuration 

f �0 . To validate the experimental system and iMC code, a Mat- 

ab code of the Mie theory was employed to obtain the total ab- 

orption cross section σ a , total scattering cross section σ s and 

nisotropy factor g M 

of a single sphere. The values of λ, d s and re-

ractive indices of n s for the sphere and n h for the host medium of

ater were used as the input parameters to the Mie code [ 20 , 23 ].

fterwards, the RT parameters were determined as P M 

= ( μa M 

, 

sM 

, g M 

) = ( ρs σ a , ρs σ s , g M 

), which are based on the assumption

f spheres in a suspension sample being independent, of same di- 

meter and, uniform distribution. Table 1 presents the measured 

ignals and P M 

( λ) and the averaged values of errors in measured 

ignals were found to be around ±3%. 

We have performed iMC simulations for calculated signals and 

etermined δ( P, �0 ) with measured signals of the sphere sample 

t λ = 500 and 800 nm. The input parameters for iMC included 

ncident beam profile, sizes and positions of sample, holder and 

etectors by �0 . A restricted search was initially performed in the 

egion near P M 

( λ) as listed in Table 1 with μa and g kept close to

a M 

and g M 

and the obtained RT parameters are denoted as P 1 ( λ). 

t either of the two λ values, a unique solution of μs can be ob- 

ained with minimal δ satisfying δmin < δ0 . Fig. 2 shows the cal- 

ulated signals and δ values against μs for λ = 500 nm. While R dc 

ises approximately linearly with μs , the diffuse transmittance T dc 

ises initially with increasing μs for stronger multiple scattering 

nd then decreases because of boosted reflectance. The exponen- 

ial drop of T fc for increasing μs < 3 mm 

−1 , on the other hand,

hows clearly its dominance by the collimated transmitted light 

hich follows the Beer-Lambert law. When μs exceeds 4 (mm 

−1 ) 

r optical thickness μt D ≈ μs D > 8, T fc is dominated by forward 

catter with a very gentle decline for increasing μs . It is obvious 

rom the δ( μs ) curve in Fig. 2 that the optimization problems as- 

ociated with ISP is of convex type for fixed μa and g. 

By restricted search, an inverse solution was obtained as P 1 (500 

m) = (0.228 mm 

−1 , 6.31 mm 

−1 , 0.920) with δmin and μs1 indi- 

ated in Fig. 2 . Similar result was obtained for the sphere sample 
4 
t λ = 800 nm as P 1 (800 nm) = (0.248 mm 

−1 , 6.28 mm 

−1 , 0.916)

ith δmin = 0.619%. Under the condition of keeping g close to g M 

y the Mie theory, these results demonstrate that the ISP solutions 

f P 1 ( λ) obtained from the measured signals agree fairly well with 

 M 

( λ) in Table 1 by the Mie theory with the assumption of treat-

ng spheres in suspension as independent particles for their inter- 

ction with light. We also note that the visible fluctuations in δ
ear δmin as shown in the inset of Fig. 2 are due to the statistical

ariances in the calculated signals by iMC simulations. To reduce 

uch an effect, one needs to find methods for global sampling of δ
istributions in the RT parameter space. 

.2. Analysis of robustness by contour lines 

It should be pointed out that solving ISPs by search on μs only 

ay not provide a global solution of Eq. (3) in the 3D param- 

ter space. We obtained and analyzed the contour lines of δ( P, 

0 ) on multiple 2D planes of ( μs , g) with different μa values. 

ig. 3 presents examples of the contour plots for δ( P, �0 ) in two

lanes of ( μs , g) for each λ value. Comparison of the plots at 

he same wavelength shows unambiguously that the optimization 

roblem defined in Eq. (3) is of convex type with δ approaching to 

 unique minimum value δmin . Close examination of contour plots 

urther indicates that the planes containing smallest δ values close 

o or less than δ0 also exhibit large rates of area decrease among 

he contour lines of decreasing δ values. A plane at μa = 0.248 

m 

−1 is presented in Fig. 3 (B) as an example that exhibits much 

ore grid points of δ < 1% with δ = 0.398% than the one at 
min 



Y. Qin, P. Tian, L. Zhao et al. Journal of Quantitative Spectroscopy & Radiative Transfer 274 (2021) 107883 

Fig. 3. Contour plots of δ( P, �0 ) in ( μs , g) planes for the sphere sample at different values of μa and λ: (A) 0.208 mm 

−1 , 500 nm; (B) 0.248 mm 

−1 , 500 nm; 

(C) 0.228 mm 

−1 , 800 nm; (D) 0.248 mm 

−1 , 800 nm. The δ values in percentage are marked on selected contour lines and the legends of (B) and (D). The tracked pho- 

ton number N 0 = 10 8 and total number of iMC simulations were 10449 for each plot. 
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−1 in Fig. 3 (A) with δmin = 2.02% for the case 

f λ = 500 nm. Similar results were obtained for λ = 800 nm, 

n which the plane in Fig. 3 (D) with δmin = 0.133% should be se-

ected for solving the ISP in comparison to the one in Fig. 3 (C) with

min = 0.823%. 

Examination of these data also demonstrates the increasing ef- 

ect of variance for calculated signals by iMC simulations when δ
pproaching δ0 around 1%, which can be observed in the inset of 

ig. 2 as well. To significantly reduce the effect of variance with- 

ut increasing the number of tracked photons in iMC simulations, 

he distribution of δ( P, �0 ) should be globally sampled to yield 

alid markers that can indicate the correct search direction for an 

SP solution in the 3D space of RT parameters. After contour plot 

nalysis at different ( μs , g) planes similar to those in Fig. 3 , we

ave gained insights on correct identification of μa and associated 

 μs , g) plane for solving Eq. (3) . Several metrics based on the area

hange of contour lines have been conceived and tested. An area 

escending rate (ADR) parameter of R A ( P, �) was eventually cho- 

en as the parameter to quantify convergence speeds of inverse so- 

utions in a plane of ( μs , g). 

To obtain ADR, C contour lines were selected with ascending 

values given by ( δ1 , …, δC ) and the enclosed areas were calcu- 

ated as A( δi ) with i = 1, …, C. The numbers of iMC simulations

an be reduced by adding linearly interpolated points to the grid 

f μs and g used for simulations to accurately determine the con- 

our lines. A weighting factor of δ1 / δi A m,i was used to emphasize 

hose terms with smaller δ values and areas in ADR with A m,i as 

he mean value of A( δi + 1 ) and A( δi ). With these considerations, the 

DR parameter is defined by 

 A (P , �) = 

1 

C 

C−1 ∑ 

i =1 

H [ A ( δi ) − A th ] 
δ1 

δi 

A ( δi +1 ) − A ( δi ) 

A m,i ( δi +1 − δi ) 
. (4) 
5 
here H[…] is the Heaviside function to exclude a term from the 

um in the case of A( δi ) less than a threshold A th . For all results

resented here, A th took out only the term of i = 1 in the sum for

ery few cases as noted below. Positive ADR values indicate area 

eduction as δ decreases toward δ1 and their magnitudes measure 

he convergence speed for solving Eq. (3) among the selected ( μs , 

) planes. The use of multiple contour lines and the weighted sum 

f area descending rates reduce significantly the sensitivity of ADR 

o δ fluctuation that is important for correct choice of search direc- 

ion by gradient descent. Thus, ADR value was used in this study 

o evaluate concerned ISP solutions and quantify the effect of de- 

ection configurations on solution robustness. We chose a set of 5 

ontour lines given by (1%, 2.5%, 4%, 7%, 10%) and 4-fold increase 

n grid points of ( μs , g) by interpolation for contour calculation. 

.3. Accurate ISP solutions by ADR for sphere sample 

By global sampling, ADR suppresses effectively fluctuations in 

distribution in searching for an ISP solution. A maximum ADR 

alue for the ( μs , g) plane at μa determines the correct value of 

a for the fastest convergence rate in δ and a small region in the 

lane for solving ISP subsequently. The computational cost for ADR 

an be kept reasonable by fast iMC simulations and interpolation 

ver 2D grids. Fig. 4 compares ADR values of 9 different planes 

f ( μs , g) with the measured signals from the sphere sample for 

= 500 and 800 nm. Only 765 iMC simulations were carried out 

or each bar and the results clearly demonstrate the ability of max- 

mum ADR values for accurately finding μa as corroborated by the 

ontour plots in Fig. 3 obtained with much larger number of iMC 

imulations. 

With the maximum ADR values to determine μa and contour 

lots in Fig. 3 (B) and 3(D) to determine μs and g, the Eq. (3) was
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Fig. 4. ADR or R A ( P, �) vs μa as the label for a plane of ( μs , g) obtained with measured signals from the sphere sample at two λ values by �0 . The green arrows indicate 

the μa values of the contour plots in Fig. 3 . The tracked photon number N 0 = 10 8 and total number of iMC simulations for each bar was set to 765. 
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olved in the 3D space of RT parameters. The results are expressed 

s P 2 ( λ) for the sphere sample at λ = 500 and 800 nm, which

ere given by P 2 (500 nm) = (0.248 mm 

−1 , 8.45 mm 

−1 , 0.943)

ith δmin = 0.398% and P 2 (800 nm) = (0.248 mm 

-1 , 14.5 mm 

−1 ,

.965) with δmin = 0.133%. These values differ significantly from 

 1 ( λ) obtained by restriction of g( λ) values to be close to g M 

( λ)

y the Mie theory as shown in Fig. 2 , which does not correspond

o the true minimal value of δ in the RT parameter space. The dif- 

erences between P 2 ( λ) and P M 

( λ) in Table 1 may be attributed to

ailure of independent particle assumption for interaction of light 

ith the large spheres. We note first that the suspension samples 

f polystyrene spheres with diameters around or larger than 5 μm 

ave observable settlement over periods of a few minutes despite 

heir very close mass density to that of water. Even with man- 

al shaking between wavelength changes during measurement, the 

phere density can still deviate significantly from a constant for 

he suspension. Furthermore, aggregated spheres and interference 

f light scattered by nearby spheres in the layer of settled spheres 

an become substantial, leading to failure of independent sphere 

ssumption for application of the Mie theory. In addition, the 3- 

hotodiode design with only one detector collecting the forward 

ight scatter may not provide sufficient information to accurately 

etermine the RT parameters of the sphere samples that are of 

ery high g values. This is corroborated by the large contour line 

reas in Fig. 3 (B) and 3(D) for δ < δ0 satisfied for a relatively large

ange of μs . In fact, these areas can be characterized by a long 

urved line of μs (g: δ<δ0 ) which yields multiple permissible solu- 

ions in spite of the existence of unique δmin . One possible solution 

s to add one or two detectors particularly near the T f detector to 

rovide an additional signal to increase the sensitivity of δ to μs 

y shrinking the line of μs (g: δ<δ0 ). Additional studies are needed 

o clearly understand the light-sphere interactions for samples of 

igh concentrations and fast settlement. 

The use of maximum ADR values to determine μa provides also 

 novel approach for solving discrete ISPs defined in Eq. (3) with 

wo-fold benefit in comparison to gradient descend based iterative 

lgorithms. First, solving ISPs in the 3D space of RT parameters is 

implified by a two-step process of 1D search for μa followed by 

olving ISPs in the 2D plane of ( μs , g) at μa . Second, ADR allows

aster iMC simulations by tracking less number of photons since 

umming δ values on multiple grid points for ADR calculation can 

ffectively suppress δ fluctuation due to simulation variance. For 

xample, close to 10 0 0 iMC simulations can be completed by GPU 

xecution within a minute if N 0 can be reduced from 5 × 10 7 to 

 × 10 7 to accurately determine ADR on a grid of ( μs , g). This

akes it possible to solve ISPs in real time, which could only be 

chieved previously by determination of μt from T c . Development 

f a novel inverse algorithm by ADR is currently underway to in- 

estigate the lower limits of N 0 and number of iMC simulations 

eeded for accurate interpolation and ADR calculations. 
6 
.4. Effect of detection configuration on robustness for different 

ample types 

In addition to solving an ITP, the parameter ADR provides a use- 

ul metric to compare robustness of solutions with different detec- 

ion configurations. We formed different detection configurations 

epresented by �m 

that were obtained by modifying one element 

f �0 with others unchanged. For each �m 

, the values of “equiv- 

lent” signals R d , T d and T f in Eq. (2) were calculated by the iMC 

ode using P 2 ( λ) as the RT parameters and �m 

as the modified 

onfiguration. Simulations of calculated signals were performed in 

he multiple ( μs , g) planes of different μa values to determine δ
nd ADR for each �m 

and �0 for the sphere sample at two wave- 

engths. Fig. 5 shows only the maximum ADR values for each con- 

guration set of �m 

against �0 . 

The sphere sample used in this study features strong turbidity 

nd forward scattering due to its high values of a and g. As a re-

ult, the measured T f signal is much larger than R d and T d if the 3

hotodiodes were placed at similar distances from the sample. By 

djusting detector distances from the sample we found experimen- 

ally that the stability of ISP solutions improves if the measured 

ignals are kept on the same order of magnitude. The distance ad- 

ustment, however, must be implemented under two conditions. 

ne is to have sufficient high signal-to-noise ratios for the mea- 

ured signals and the other is to have adequate angular integration 

or collected light, which is necessary to reduce signals’ sensitivity 

o detailed and unknown angular dependence of light scattering in 

he sample. The results in Fig. 5 verify these empirical guidelines 

sed for non-hemispherical measurement of light scattering sig- 

als [ 15 , 16 ]. The distance d f = 88.4mm of the T f detector chosen

or our experimental system shows the most robust performance 

or solving ISP at either λ. Changing from this value of d f leads to

eterioration in robustness of ISP solutions which is more severe in 

he case of λ = 800 nm. We also point out that the definition of 

function in Eq. (2) can be modified with weighting factors added 

mong the three signal terms to improve the stability of ISP so- 

utions if a detector configuration cannot be varied as described 

bove. 

To extend our study of detection optimization to other turbid 

ample types, we analyzed ADRs with virtual samples of smaller 

 and g values given by P v = ( μa v , μsv , g v ) for different detec-

ion configurations. The values of scattering coefficient μs were 

ecreased from those of the sphere sample to reduce simulation 

imes. The function δ( P, �) and ADR values were calculated by set- 

ing � to �m 

or �0 as defined for the results in Fig. 5 . To be con-

istent with the experimental cases, we intentionally set the 2D 

rids of ( μs , g) with no grid point coincident with the μsv and g v 
n P V , which means δmin > 0 for the virtual samples. The results 

re plotted in Fig. 6 to compare performance or robustness of �m 

gainst �0 . It is very interesting to note that the variation of ADR 
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Fig. 5. Comparison of maximum ADR values selected from multiple ( μs , g) planes for each �m or �0 and the sphere sample represented by P 2 ( λ): (A) λ = 500 nm, μa 

= 0.248 mm 

−1 for maximum ADR; (B) λ = 800 nm, μa = 0.248 mm 

−1 for maximum ADR. The tracked photon number N 0 = 10 8 and total number of iMC simulations of 

each bar was set to 765. The blue arrows indicate �0 in both (A) and (B). 

Fig. 6. Comparison of maximum ADR values selected from multiple ( μs , g) planes of the same μa v among vectors of �m and �0 for a virtual sample represented by P v : (A) 

P v = (0.597 mm 

−1 , 1.39 mm 

−1 ,0.907) with a = 0.700; (B) P v = (0.288 mm 

−1 , 5.46 mm 

−1 , 0.250) with a = 0.950. The tracked photon number N 0 = 10 8 and total number of 

iMC simulations of each bar was set to 765. The blue arrows indicate �0 . 

7 
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Fig. 7. Contour plots of δ( P, �) for the virtual sample of P v = (0.597 mm 

−1 , 1.39 mm 

−1 , 0.907) in Fig. 6 (A) with a = 0.700 and two detection configurations of �0 or �m 

as noted in each plot. The δ values in percentage are marked on selected contour lines and the legend. The tracked photon number N 0 = 10 8 and total number of iMC 

simulations was 8643 for each plot. 

v

c  

b

v

i

d

t

v

s  

c

b

 

t

fi

c

p

t

1

i

“

a

I

4

m

m

f

n

o

t

o

t  

a

A

p

u

o  

t

a

T

a

a

s

t

D

C

T

Z

W

J

X

w

A

d

2

n

s

C

c

s

R

 

 

 

 

 

 

 

 

alues with either �0 or �m 

is quite small for either sample ex- 

ept the case of d f = 118 mm in Fig. 6 (B). Since ADR is determined

y global sampling the distribution of δ in a ( μs , g) plane, similar 

alues of maximal ADR suggest that the robustness of ISP solutions 

s insensitive to the changes in the configuration of 3-photodiode 

esign. Nevertheless, the very large value of d f or distance between 

he sample and detector D 4 leads to very small T f signal for the 

irtual sample of nearly isotropic scattering of g = 0.25. For this 

ample, δmin = 0.78% and the A( δ1 ) term in Eq. (4) vanishes for all

ases of d f except d f = 58.9 mm and the corresponding ADR values 

ecomes much smaller than that of the case with d f = 58.9 mm. 

We compare in Fig. 7 the contour plots in ( μs , g) planes for

he virtual sample of a = 0.70 using two different detection con- 

gurations of different d f values. The similarity in the two plots 

orrelate well with the close ADR values shown in Fig. 6 (A). Com- 

aring the δ distributions in Figs. 3 and 7 , one may further note 

hat strongly turbid samples with large values of a very close to 

, like the case of sphere suspension in this study, present ISPs of 

ncreased complexity to solve Eq. (3) due to the existence of long 

solution stripes” of μs (g: δ<δ0 ). For ISPs with smaller values of a 

s shown in Fig. 7 , the stripes shrink markedly and the associated 

SP becomes much easier to solve by ADR guided search. 

. Conclusion 

This report concerns with the evaluation of ISP solutions for 

ultiparameter spectrophotometry by three non-hemispherically 

easured signals of scattered light. We have validated an iMC code 

or accurate modeling of light transport in a turbid sample and sig- 

al detection by a 3-photodiode design. The code was applied to 

btain distributions of an objective function δ for analysis of ISP 

ypes in the 3D space of RT parameter vector P by selecting a set 

f contour plots in 2D plane of ( μs , g). A dimensionless parame- 

er of area descending rate ADR or R A ( P, �) has been established

s an effective metric for evaluating robustness of ISP solutions. 

DR values have been determined and compared to quantify the 

erformance and solution robustness of different detection config- 

rations represented by � for various sample types. The results 

f this study show that the signals of R d , T d and T f measured by

he 3-photodiode design allow unique solutions of ISPs in real time 

nd the robustness of solutions is insensitive to variations in �. 

he presented method of multiparameter spectrophotometry yields 

n alternative to the integrating sphere based approach with the 

dvantages of system simplicity, ability to measure optically thick 

amples, fast signal acquisition speed and robustness of ISP solu- 

ions. 
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